Eur. Phys. J. C 49, 1091-1098 (2007)
DOI 10.1140/epjc/s10052-006-0169-3

Regular Article — Theoretical Physics

THE EUROPEAN
PHYSICAL JOURNAL C

Path integral for one-dimensional Dirac oscillator

R. Rekioua, T. Boudjedaa®

Laboratoire de Physique Théorique, Faculté des Sciences, Université de Jijel, BP 98, Ouled Aissa, Jijel 18000, Algeria

Received: 1 August 2006 / Revised version: 22 October 2006 /
Published online: 6 January 2007 — © Springer-Verlag / Societa Italiana di Fisica 2007

Abstract. In this paper we derive the propagator for the one-dimensional Dirac oscillator using the super-
symmetric path integral formalism. The spin calculations are carried out with the help of the technique
of Grassmann functional integration. The Green function is exactly evaluated. The Polyakov spin factor is
explicitly derived and the energy spectrum and the corresponding wave functions are deduced.
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1 Introduction

It is obvious that the path integral for the Dirac electron
still encounters some problems. This is connected both to
the discrete nature of the spin and to the invariance of
the velocity of light ¢ in inertial frames. For example, in
the operator formalism, a direct calculation shows that the
eigenvalues of the velocity operator are equal to 4c be-
cause this velocity operator is related to the spin matrices
which have discrete eigenvalues. From the relativistic in-
variance principle, if the particle had this velocity +c¢, its
mass would be null, which is not however the case of elec-
tron physics. Moreover, the Feynman path integral uses
classical quantities like a continuous trajectory, and for
these discrete eigenvalues it is not possible to associate con-
tinuous paths with them. In short, it is not obvious how
one could propose a model for the Dirac electron satisfying
the relativistic invariance requirements and describing the
discrete nature of the spin. Actually, there have been sev-
eral attempts combining such requirements; one of them is
the supersymmetric model based on the Grassmann vari-
ables proposed firstly by Fradkin [1], then re-examined by
Berezin and Marinov [2, 3], and recently taken up again by
Fradkin and Gitman [4]. They succeeded to give a straight-
forward way of constructing the corresponding relativis-
tic Klein—-Gordon and Dirac propagators. The fundamen-
tal idea of this formalism is to write formally the causal
Green function like the inverse of an operator and then,
by means of an integral representation, expressing this in-
verse as a standard Schrédinger evolution operator. In the
case of the Klein-Gordon equation, only one time of evo-
lution is used, known as the Schwinger proper time, and
in the case of the Dirac equation, one uses a generalized
proper time. It is a supersymmetric proper time having two
parts, one bosonic and the other fermionic. The bosonic
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part is exactly that of Schwinger and the fermionic one is
responsible of the projection of the Klein—Gordon states on
those of the Dirac ones. This formalism was developed from
the calculative point of view in the case of some concrete
applications [5—11]. These latter are particular configura-
tions of external fields such as a constant field, a plane wave
field and their combination. However, to our knowledge,
nothing was done in the case of the potentials with spher-
ical symmetry. The major difficulty lies in the property of
composition by the kinetic moment and spin, known as the
spin—orbit coupling.

Our aim in this paper is to adapt this formalism in
the case of the Dirac oscillator. This physical system was
first introduced by Moshinsky and Szczepaniak [12]. It at-
tracted much attention because of its various physical ap-
plications. For example, the Moshinsky and Smirnov book
devotes several chapters to these applications [13]. Ros-
mej and Arvieu [14] have shown a very interesting analogy
between the relativistic Dirac oscillator and the Jaynes—
Cummings model. This model has also been studied in con-
nection with supersymmetric relativistic quantum mechan-
ics, quark confinement models in quantum chromodynamics
and other relativistic conformally invariant problems.

In this paper, we derive the path integral representation
for one-dimensional Dirac oscillator. The construction is
analogous to that of the Dirac particle with an anomalous
magnetic moment [15]. In Sect. 2, we present the derivation
of the Dirac oscillator propagator via the supersymmet-
ric formalism proposed by Fradkin and Gitman. In Sect. 3,
we determine exactly the Green function expression by do-
ing explicitly all the integrations over the spin variables
using the Grassmann functional integration technique, and
therefore we obtain the explicit expression of the Polyakov
spin factor. In Sect. 4, we carry out the remaining bosonic
path integral. The energy spectrum and the correspond-
ing eigenfunctions, for the positive- and negative-energy
states, are obtained. Section 5 is devoted to the conclusion.
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2 Derivation of path integral
for the one-dimensional Dirac oscillator

In this section, we present a derivation of the path integral
for the one-dimensional Dirac oscillator propagator follow-
ing the Fradkin-Gitman method [4,15]. The propagator
of the one-dimensional Dirac oscillator is the causal Green
function S¢(x, y) of the following Dirac—Pauli equation:

(ﬁ‘—mc)SC(x,y):—(S(x—y), m—)m—ia, (1)
where
7?( = 'Y“fru )
where 7, has components
ih 0
o = ih0y =
o 1h0g c 8t7
. . 0 . 0 : 0
m; = ih0; —imwy x; = ih . . —imwy z; . (2)
oz’
Multiplying both sides of (1) by 7° = 4%y1v%3, we get
(7 —mey®)S (2, y) = 6(z —y), (3)
with
S(z,y) = Sz, y)7°, A =27, A=A,
7}“ (7?0 =ih0y, m; =1h0;+ imw'y57yoxi . (4)
The y-matrices verify the standard commutation relations
" A" = 20" (5)

First, we present g"(x,y) as a matrix element of an
operator S°€,

S°(x,y) = (] 5°[y) , (6)
where S¢ is given by
~ I
S¢=. (7)
7% — meryd
and write S¢ like a pure Fermi operator
c 5 5 1
S5¢=(f—mey’) | ~ ; (8)
(7 —mey®) (of — mey®)
where
(# —mey®) = P— imwy®3°F - % — mery®,
(7 —mey®) = P+ imwy®305 - & —mer. 9)
So,

§C = (7‘7‘_ mC’)’s)outéc(xv y) )
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with

1

G(z,y)= (= R ~
< (7 = mey®) (5t —mey®)

).

According to the Schwinger proper-time method, Ge (z,y)
is written as

(10)

G<(2,y) = (— h) [ axate b o), )
where

H(\) = =7 —mey®) (7 —mer®)
= A—p? +m2 + m*w?2? — mwhy®3°. (12)
In order to derive a path integral representation for
G®(z,y), we follow the standard discretization method for
the kernel of (11).
As usually done, we write exp (— 1 H(\)) =exp (— I x

Nél_l)NH and insert NV times the identity [z} (z|dz =1

between all operators exp (— ; ;) and (N+1) addi-
tional integrations over A to transform the expression of
G°(z,y) into the following path integral:

_ ; N+1 N+1
k=1 k=1
N+1 o
x T [awlem nHORA a1 )a (A = Ae-n)]
k=1
(13)
where
1
AT=N+1, To =Ty, ETNt1=Tp- (14)

Expanding, as usual, the matrix elements of (13) to the
first order in A7 and then inserting (N + 1) times the iden-
tity [ |p)(p|dp = 1, the Green function is written, using the
mid-point prescription, as

55 = (= ) (F=mer®)ow Jim T

N+1 N+1 N+1

dpk
x/d)\o/H d)\k/H dxk/H (2
k=1 k=1 k=1
N 1 T T
k—Tk—-1 £ _
- H A
X kl;[l exp [h (pk Ar (/\ka$k7pk)> 7'}
X(S()\k_)\k—l), (15)
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or by using for the delta function (A, — Ax—1) the habitual
integral representation

S O [

xT/d)\o/Dx/Dp/D/\/Dm\
xexp{ / A(p* —m?*c® —mPw’a?
h Jo

+mwhi*3°) + pic + ] dT}, (16)

where x#(7), A(T), mA(T) are even trajectories, obeying the
boundary conditions

JJ(O) = Zin , Z/(l) = Zout » )‘(0) = )\0 .

The ordering operator 7 acts on the y-matrices which are
supposed formally to be depending on the time parameter
T.

By means of the source technique, (16) can be trans-
formed as follows:

S = (= p ) F-mer®)ouT
< [ax [ Do [Dp [DA [,
xexp{h/() [A(p —m?2c® —mPw?x?

+mwh55 56 ) +px+7r,\)\} dT}

x exp{ /0 1 pn(T)’?"dT}

where p,,(7) are odd sources, and by definition they anti-
commute with the y-matrices.

We now present the quantity 7 exp{ fo pn( A" d’T} as
a path integral over odd trajectories via the following func-

tional formula:
=exp (1'3/" o >
p=0 oom

T exp { /0 () dT}

1
></ exp [/ (Wn!'/” —2i,0n!7”) dr
T (0)+¥(1)=6 0

, (17)

p=0

p=0
+Wn(1)LT/"(O)} DY , (18)
6=0
where
1 . -1
@LT/:DLT/[/ D¥ exp (/ WnW"dT>} ,
w(0)+¥(1)=0 0
(19)

and 6™ and ¥" (1) are Grassmann (odd) variables, anticom-
muting with the y-matrices; 5gln stands for left derivative
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over the Grassmann variables. In addition, these odd tra-
jectories " (1) obey the anti-periodic boundary conditions

o (1) +¥7(0) = 6" (20)
Rewriting the ¥2¥Y term as follows:
1
w0 = S Fam s n=0,1,5, (21)

and using (18) we get the following Hamiltonian path inte-
gral representation for G°(z, y):

_ ' 8
G(z,y) = (— %) exp (w 501n> / dXo
/Dx/Dp/Dm\/D)\/
W (0)+¥(1)=

xexp{ / [/\(p —m2c? —m2w?z?

h 0

— 2mwhP ™0™ Fpyy ) + pi 4+ mAA — iR, 0" dr
FLOPO]

6=0

(22)

where F,,,, (n=0,1,5) is, being an antisymmetric matrix,
defined by
Fso=1 (23)

To get the Lagrangian path integral representation, we
make the shift p* — p# — 7, we then have

- i B
G(z,y) = ( 5 > exp (17 591n>
/d/\O/DA/Dw,\/Dx/
T(0)+¥(1)= 9

1 2 2,2
xexp{h/o [4>\() —A(m* +mPw’s

+ 20T F )+ el — ihwnw'"] dr

+%(1)W(0)} (24)

6=0

In order to be free from the boundary conditions ¥™ (1) +
vn™(0) = 60", it is suitable to replace the integration over ¥
by that of the odd velocities w, following the replacement

1
w(T)Z;/O el —Folf)di+ ),

e(r) =sign(r)

(25)

Obviously, the domain of integration over w is now free,
i.e., the boundary conditions are automatically satisfied.
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Thus, we obtain
~ —i\ =
3w = () @ mer o

g ) [ v -

i 2 22 2
X exp h/o [4>\(x) A(mc—f—mwx)]dﬁ

1 1 1
—2/ / w”(ﬁ)a(n—T2)wn(7'2)d7'1d7'2
0 Jo
a 1 1

Sy

X e 7'2—7'3)

—a0"/ / Fom(m)e(m1 — m2)w™(12)d71 d 7

— 9”9”’/ fnm(Tl)d’Tl} 5
2 0 6=0

where o = imwA.

Actually, the integrations over (mx,\) have been di-
rectly done giving A = \¢.

To end this section, let us show that this Green function
5¢(z,y) given by (26) verifies (3). First, it is preferable to
introduce an analogy with Schrodinger propagation using
the Fock trick, known as the Schwinger proper-time tech-
nique. Let us write initially for (10) the following decom-
position [18]:

wn(Tl)E(Tl - TQ)]:nm(7—2)

(7‘3)d7‘1 d’ngTg

(26)

G (x,y) :éC(x', ) .
()

where mzcz plays the role of energy corresponding to the

proper time A. It is easy to check that

o0 N2 2\
dexp (A”;L ‘ )K(x,y,A>,

<ih ;A - ﬁ) K(z,y,\) =d(z—y)s(N), (28)
with

H = [—p* + m*w?

2 — mwhy°3°]. (29)

The close resemblance of (28) to the Schrodinger equation

means that we can now use K (x,y,A) to describe the fol-
lowing propagation:

&(x,\) = /K T, Y, A
where

K(z,y,\) =exp (i’y” 5(;171) /D.’L‘/Dpe(?ii Jo Ap?dr)

.ol
1 1.5 9922
x/@wexp{h/o [4>\x Amiw x| dr

,0)dy, (30)

Path integral for one-dimensional Dirac oscillator

1/1 /1w £(1 — T2)wn(T2) A7y AT
/ | /

2—7'3

—aﬁ"/ / fnm(Tl)E(’Tl—Tz)wm(Tz)dTldT2
0 JO

a 1
— 9"9”"”/ fnm(Tl)dTl} .
2 0 6=0

The wave function ¢(x, ) is connected to that of the
quadratic Dirac equation ¥ (z) by the relation

e(m1 — 72) Frum(T2)

(T3)d7’1 dTQ dT3

(31)

; 2.2
)

By analogy with the Schrodinger case, let us calculate the
infinitesimal propagation of &(y, A(7)):

D(z,A) =exp (— (32)

&(z, \(T+d7)) =exp <i'~y” 5(;1n>

X/dy/dpexp(l)\pzd7'>
/dw (det(e)(dr) )*1/2

—Am2 2 2} dr

- ;w"(ﬁ)é‘(ﬁ — ) (12) (d7)?
o -t
x e(ty —73)w™ (73)(d7)?
"(12)(d7)?
_ ;‘enamfnm(r)dr}ﬂy, A7)
(33)

— aH”}'nm(ﬁ)E(ﬁ — 7'2)w

with 71 = 7 = 73 and £ — y (d7 — 0). Let us integrate
first over the Grassmann variable w, which is a Gaussian
functional integral, the result being

[ dwtdet(e) 2 exp { — " (T)e(r — T2 ()(d7)?
™(r3)(d1)°

1 ;’wn(ﬁ)e(ﬁ 1) Frun (T2)e (T3 — 73)w

— 0" Frm (11)e(T1 — T2)0™ (T2 )(dT)Q}
= [det(1 — aFedr)]'/?
X exp BaQG”Fnk(l — afnmedr),;llflmeem(dr)ﬂ :
(34)

Asdet(1 — aF,medr) =exp(Trin(l — aFpmedr), TtF =0
and Tr(e) = 0 (F and e are antisymmetric matrices), and
as we can take the development to the first order in dr
(the standard Feynman prescription), the result will be
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equal to 1. This is equivalent to say at first in (33) that we get
(d7)? < (d7)? < d7 — 0 (the Feynman prescription for

the Grassmann dynamical variables). éc(x7y) = <_i)/d)\/ dpo /Dxlj(w)
We now substitute y = z+n in (33) taking n small h 2rh
enough in preparation for the series expansion: i (171
nough in preparation for ries expansion XGXP{;/O [4)\(:&1)2+)\((p0)2—m2

®(x, AT+ d7)) = exp (i&” 522) m%?@l)?)} dr+ ;p‘) (2 — wﬁ)} ;

. 2 .
—i (n) _ A9 9 9 where
Xexp{[4/\h g h(mwx)dT s
N I(w) =exp | i7" som Dw
-y enem}"nm(T)dT}é(a: +n,A(1)). L
(35) X exp { - / / w™(T)e(rT — Flwy (F)drdf
Now we expand it in a power series to the first order in dr: .
WM (T)e(r — 1) Fom (Fle(F —1")
0 )|
B A7)+ dr ) 8z A7) =exp (15 ) Fardzar”
(77)2 1, —aﬁ"/ / Fom(T)e(t — )™ (F)drdr
x/dnexp (4)\hd /dpexp h)\p dr o 01 (1)e( Jw™ ()
@ naom
x 11— m2w2x2) Q"Hmfnm( )dr 9 "0 / fnm(T)dT}
0 0=0
0 5 07 is the Polyakov spin factor. In this case, this factor is inde-
% [q’; )+ 778 P(x, A7) + 277 ox? (=, )\(7—))} > pendent of the x variables and can be carried out explicitly.
(36) In order to do that, let us use the following condensed
notation:

and we carry out the Gaussian integration on the variables
7 and p and the derivation on the 6 variables; this gives, I(w) = exp (Wn 0 ) / Dw
after comparison of the left and right hand sides at the oo™

same order in dr, the Schrédinger type equation verified 1, a ., F m
by @(x, )\(7_)): X exps — 2w Ewn + 2w ES nmEW
4 0 2 07 2 242 50 — ab™ m_ Y gngm
1716)\45(:1:(15)) —h 92 +miw?s? — mwhy°y al" Fpmew 29 0" Frm s (41)
x @(x, A(1)) where
= HP(z, (7)), (37) 1l
w"ewn, 2/ / W (T)e(r —F)wn(r)dTd 7. (42)
which guarantees (28) and in consequence (3) and (1) are o Jo
verified. The integration over w™ has a Gaussian form and gives
. . I(w)=¢e iy" Dw
3 Exact calculation for the Green function (w0) = exp ( 7 60"> /
In order to evaluate exactly the Green function expression, X €xp { ) W Apmw™ +J, "wn}
we start by integrating over the x( variables: 6=0
iom O det A 1 . 1 m
i [t =exp (17" oo d exp —2J AT ,
/D:ro exp (h / pox'()) =exp {i(ppap — poza) }6(p° ete 9(:%)
0
(38)
where
Next, carrying out the integrations over p°,
. ) Im =—a0"Fpme,  Apm = Nnme — a€Fnme,
0 1/0,0_ 0.0\, : 02 -0
/Dp eXp{h(pbxb—pawa)+l>\/0 (p”) dT}é(p ) (44)

— dpo i 0,0 0 i 072 /@wn _ Dw™ 45
_/ ok exp (hp (xb—wa)+h/\(p ¥, (39) wane—%w”Ewn ) (45)
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and
JAGET™ = —2020% Fip Grum Frit' (46)
where A} is the inverse of A, and
Lo
Grm = QEAnmE (47)
On the other hand, we have
det A =exp{TrinA}. (48)
So we have
d d 4 d
da det A = (det A) daTrlnA = (det A)TrA daA’
(49)
det A *
= — T dd p.
\/det . =eXP { /0 r(GF) a} (50)

Inserting these results in (43), we obtain

o 1
I(w) = exp (i’y” 52") exp { —/ / G"™ (1, 7) Frm dd
o Jo

1 1
+a? / / 0" FraG'™ (7, %) Frn0™ d 7 df
0 Jo

- ZG’”O"}"WL} (51)

6=0

Now we have to calculate the matrices Alj,,l and G,,. By
definition, A,,, (7, 7) and A;j (7, ) verify the property

/0 A (r,8) (A7) (s, 7)ds = 605(r — 7). (52)

Using (52), we can conclude (see Appendix A) [19]
A7 7,7y =)

+ (aF)?e2F ("= [c(7 — 1) — tanh aF]

+aFe?FT=D5(r — 1),

1 ,
2e2af(777) [e(T—7)—tanhaF].

Substituting (54) into (51), we obtain

(53)

G(r, )= (54)

n O . N
I(w) =exp (1’)’ 591n> [cosh(imw) — 0°6° sinh(imw)] |(95_50)

At this stage, we use the proved formula

sam o o sam
exp <W 591n>f(9)|9_0 = f((;gln) exp (17"n) [y -
(56)

Expanding exp(i¥"¢,,) to the second order only (the other
terms do not contribute) and then performing differentia-
tion with respect to &, we get

I(w) =

[cosh(imw) +~°4° sinh(imw))] . (57)
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This is the explicit expression of the Polyakov spin factor
for the one-dimensional Dirac oscillator. The next step is to
carry out the integration over the configuration space,

K(x;,xé,A) :/Dac1
it 220 132
xexp{h/o ( R —Am w?(z") )d’T}
:N1—1>I—ri-loo (47r1h/\A7') /Hﬂdxk
. N+1 ( 1 2
1 xk_xk-H)
XeXp{h 2 { ANAT
k=1
— (AT)Am2w? (x,lf)ﬂ }

This expression has the form of a harmonic oscillator prop-
agator [20] with some differences. Taking this into account,
we can easily write this propagator as follows:

)%

() + 62)%) cortame)

1)
- ()

()

cep{ =0 ((02)+ (1))

—i2Amw (n+ > ) )

(58)

Folzl ol ) mw
S (27r1hs1n(2/\mw

xexp{

2zlzl
sm (2Amw

X e (59)

Turning to the Green function, inserting these latter re-

sults, we get
dpo
5
es(3) [ dA/ oot

< exp (;LpO(xg )+ (0} m2)>

X [cosh (mu;eo) +7°3° sinh <1m;)60>]

x K (z}, 1, ) . (60)

S (a,y) = (7 —

Finally, integrating over the proper time A, multiplying
the result by ~°, choosing for the Dirac matrices the
representation

'y°=ﬂ=<é_(1)>, 71—101=1<(1) é) (61)

and acting through the operator (17‘ —mey®)out, the Green

function takes the form
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1
. dpo mw/Th 2
5@ o0, T /27rh ((2”71!)2)

)2)}e;;p° (h—a2)

xexp{—’;;"«w;)%(wa P

(po-i-mc)Hn(\/n;wx;) \/ Hn(\/mw )
(i) () )

x mw mw mw 1 ’
—2n Hn z, | —2n(po —mc)Hp—1

e ()

Xanl

where

*p2 = (mPc* + 2nhmwc?)?, n=0,1,2,...

4 Wave functions and energy spectrum

To evaluate the wave functions and energy spectrum, let
us integrate over the py variable. This can be converted to
a complex integral along the special contour C, and then
using the residue theorem we get

i 00.0__0 ; i
dpg e~ #P° D=0 —iBnT T
]{ 210263 5 o =1 9<T)€2E +9(_T)62E ]
C &7 Py —Dpn n "
(64)
where
E, = v/m2c* + 2nhmwe?  and T = p — (65)

n (64), we have two types of propagation, one with posi-
tive energy (+FE,,) propagating to the future and the other
with negative energy (— E,) propagating to the past.

From this result, we deduce the energy spectrum and
the corresponding wave functions from (62) by writing the
following form:

S(xa, b, T) =1 Z [H(T)W:[ (1’%)@: (:r;) e—iBnT
neNg

+0(-T)0,, (z1)&, (z})ePrT].

a

(66)

This latter is nothing but the spectral decomposition of the
propagator from which we identify the wave functions

wﬁ(wl):@:gi;), wn(xl):(f”(xl)). (67)

g—n(xl)

The components of the wave functions ¥, and ¥, are
respectively

Vmw/hr (En, +me?)
- 2n+1n)

fn(xl)

n

E
cow (= o ()

Path integral for one-dimensional Dirac oscillator
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' —mcz)

1 \/mw/hﬂ (E
gn( )—_\/ E,

27(n—1)!

o (e (4/7).

fon(ah) = \/QTfl/TT (En];mcz)
cewp (=2 ) (|5
B e,

gn(z') = Vmw/hw (B, +mc?)

27(n—1)! E,

co (e ()

_ _\/(En—FmCQ) o),

68
(En — ch) (68)

where H,,(z) is a Hermite polynomial [21]. We notice that
the components of the eigenfunctions obey the relation

+oo
/ dx

with go(z) =

[fn(2) fn(2) + gn(2)gm ()] (69)

:5nma

0. This result agrees exactly with that of [22].

5 Conclusion

In this paper, we succeeded in calculating within the
framework of relativistic supersymmetric path integrals
the Green function of the one-dimensional Dirac oscillator.
The Polyakov spin factor was explicitly evaluated. The re-
maining integrations over the bosonic variables are of har-
monic oscillator type. The exact expression of the causal
Green function is obtained, and, using the residue theorem,
the spectrum energy and corresponding eigenfunctions ex-
pressed in terms of Hermite polynomials are then deduced.
Our results coincide with those of the literature. In this
one-dimensional case the spin—orbit coupling is not appar-
ent and the calculation was consequently direct and easy.
The two-dimensional and three-dimensional cases are of
a particular interest because of the spin—orbit coupling,
and it would be interesting to extend our calculations to
these cases. These problems are under consideration.

Appendix : Inverse matrix A;Vl (y7)

We are going to calculate the inverse matrix (53). The
function A, is defined by

1
A (1,7) = (T — T)Npw — a/ e(r—m)Fue(n —7)dm .
0
(A1)
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To get the function G,

Gaplr, ) = /01 Dupl(r, (s —H)ds,  (A2)
it is convenient to first define the function (2,5 by
Qup(r,7) = /0 15(T—A)A;g(A,T')dA. (A.3)
Now we have
/0 A (7, ) (A7) (s, ) ds = 608 — 7). (Ad)

Substituting (A.1) into (A.4) we obtain

1
2,5(1,7)— a/ (T — 1) Fuw 025(7, 7)dm1 = 1,0 (T — 7).
0

A5)
This equation is equivalent to the differential equation
d,5(1,7) o dé(r —1)
“gT ~20Fu () =m . (A6)

with the initial condition
1
2,5(0,7) +a / Fuol(r, ) dr = 0,56(7) . (A7)
0

Inserting the general solution

Qr, 7) = e*F7¢(r, ) (A.8)
into (A.6), we get
c(s, %) :/ e 207X 0 SA—F)dA+ (7). (A.9)
0 O\
In this way
(1, 7) = 2T [e(+) — §(F)] + (1 — 7)
+ 20 FO(r — 7)) (A.10)

and using the initial condition (A.7), taking into account
2,5(0,7) = c(1), we obtain

2aF
—2aFe —2aFF
1+ e20F '

Substituting (A.11) into (A.10) we obtain

o) —6(7) = (A.11)

Q(1,7) = 8(1 — ) + aFe?*T "D e(r — 1) — tanh aF] .
(A.12)

R. Rekioua, T. Boudjedaa: Path integral for one-dimensional Dirac oscillator

Inserting (A.12) into (A.2) results in

G(’T, 7’.) — 1620‘]‘-(7*7/—) [g(’r—’f‘) —tanhaf] .

) (A.13)

According to (A.3), we get

1002(r, 7
A7 (7, 7) = L2
2 Or
_ {_:71(7_7 7/_) + (af-)2e2a]-'(-rf-r)
x [e(T —F) —tanhaF] + aFe?F(T=5(r — 7).
(A.14)
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